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A Discrete-Particle Formulation of the Equations of
Motion for Planar Electrodynamic Systems

Seo-Joon Kang* and Ki-Soon Park**
{Received June [, 1999}

The fundamental properties of a planar electrodynamic system are investigated analytically.
The electrically charged particle’s motion is conservative and governed by a set of nonlinear
ordinary differential equations. Linearization about static equilibrium admits normal mode
behavior. As examples, the dynamics of a fixed-charge electroscope and an electrostatic string
are considered. This paper suggests that a surface charge, when appropriately controlled, can be

turned from a liability inte an asset.
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1. Introduction

The limitations in modifying a structure’s gross
performance (mass, size, damping, stiffness, slew-
ing rates etc.) by tailoring its material properties
{fiber reinforcements, braids, weaves, energy dis-
sipating parts, etc.) has led to the demand for
performance modifications using active compo-
nents (pneumatic and hydraulic actuators, pi-
ezoelectric sensors and actuators, imbedded fiber-
optic sensors, motors, etc.) (Park, 1992; Bryant et
al,, 1986; Quinn, 1985; Lewis, 1985; Udd. 1983).
Fundamentally, the forces that modify material
properties and hence performance are internal
electrical forces representing bonds between mole-
cules. Within this context, design consists of judi-
ctously arranging the molecules to yield the desir-
ed properties.

Topologically, these arrangements consist of
molecules forming materials, and constituting a
structure with sensors, actuators, computational
elements, etc. The synthesis and reorganization of
these elements into active (smart, adaptive, intelli-
gent) structures are currently the focus of numer-

ous engineering investigations (Wada. 1989;
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Chong et al.,, 1990).

By adopting a discrete particles approach, we
formulate the equations governing the planar
electrodynamics of interconnected electrical char-
ged particles. Then, as simple examples, this
paper describes the electrodynamics of the fixed
charge electroscope and the electrostatic string.

2. Equations of Motion

We consider a planar electrodynamics system
of 3 point charges suspended by an insulated
massless string as shown in Fig. 1. As shown,
inertially fixed charges (represented by black
dots) and suspended charges (represented by
white dots) grounded
electrodynamic chamber. The position and veloc-
ity vectors of the point charge are expressed as
functions of the independent coordinates

Fio= 7B Bou voes Bl ?izi %};l Hj
i=100;

(i=412, - n) (M
in which 7,=xi, + v #:(i=1. 2, ---, n) denotes
the position vector of the j~th point charge, and
&=t 2 m) denotes the j-th angular
position relative to the 7, axis about the 7, axis,
and overdots denote derivatives with respect to
time.

are enclosed 1n a

The kinetic energy of the system becomes
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where m, (I, 2. ---, #) denotes the mass of the
{~th point charge. We assume that the plane of
motion is perpendicular to the gravity vector as
indicated by the shaded region in Fig. I.

The potential energy of the system is composed
of the electrical potential (/, and gravitational
potential [/,

U=U.+ Ug (3
R . n-l n xq:0; 7 -
o which U=5 B Ml U=y B2
[Fi— 7P {4)

where x and g, (i=1, 2, -

M
3
i

-, ) denote the electri-
cal constant of the medium (Tipler. 1082) and
fixed electrical point charges, respectively. The
magnitude of the gravitational acceleration is
denoted by g, the length of the massless suspend-
ed strings is denoted by /.. and the nominal
positions of the free ends of the suspended strings
are denoted by Pl=xlig +ylA(i=12. -, »n).
The fixed ends of the suspended strings are then
located at 7}+ [,

Invoking Lagrange’s equations of motion for
conservative systems {Meirovitch, [970), we
obtain a set of nonlinear ordinary differential
equations of the form

~d[aT] éT ol ., _
0-(12[80,} a6, T 38, (I=1.2,

Substituting Egs. (2) and (3) into (5) and

ey (3)

carrying out the necessary differentiations yields
the following set of equations governing the
motion of the planar electrodynamic system:
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(=1, 2., m) (6)

3. Static Equilibrinm

The static equilibrium positions are found by
etting §,(#) = 6 ($) =0. (k=1.2, -, m) in Eq.
{6). We obtain the nonlinear set of algebraic

equations
U _ A&y 0 |70 77
Y _ -y SO0 ;T ]
0'013 i=li=iel l }','D“ 7',‘01“ 6(91? ! ’

b o
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+
M

NP,
{Mlh i

=l 1.

=0, (k=123 - m) {(n

in which #¢ (/=1 2, ---, ») and gP(j=1, 2. -+,
m) denote the equilibrium positions.

Our interest lies now in determining charges
that yield a desirable equilibrium position. Eq.
(7) represents a set of m quadratically nonlinear
algebraic equations expressed in terms of un-
known charges ¢, (7=1. 2. -, »). Equation (7} is
written as

gx;[lijké]iflj:dks (=1 2. m) (8)
in which

X 0 (2o =
([ijk:i;:_o__ Fop ag‘?{ho‘ 77,
1 J

1
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The exact solution to Eqg. (8) can be obtained
numerically. As an alternative. an approximate
solution can be obtained by a first-order pertur-
bation analysis (Meirovitch, 1970), in which we
let

Qiin=a%+ Qe q:=q? q} (10)
where %, and ¢f are nominal quantities and g},
and ¢! are perturbations. Substituting Eq. (10)
into Eq. (3) and neglecting second-order terms
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yields the following set of linear algebraic equa-
tions:

1
Zlb,»jq}=c,~, (i=1,2, -, m) ()
=
where
n n n
b,-j=2;la?uq£,- Ci—'—"“z}‘;la}uqqu (12)
= JEAE

in which 3, and ¢; are known coefficients and
unknown perturbations in the electrical charges,
respectively. The solution to Eq. (11) yields ¢},
(=12 n).

4. Linearization

The linearized electrodynamics relative to equi-
librium are now considered by substituting the
relative angular positions #;(#) =§,(¢) — 8f (i=
1,2, .-+, m) into Egs. (6) and (7). and expressing
them in the functional forms

Filo me -, T e B % Do G Do v )
=0, (i=1,2, -, m) {13)
and
fi€0,0, -, 0y =0, (=1, 2, -, m). (14)

respectively. Taylor series approximations of Eq.
(13) about static equilibrium yield the following
linearized equations of motion for the
electrodynamic system:

_:l(”zjj;]j+ki]”j) =0, {;=1, 2, -, m) (1%
where
(O OFF 97X
M= m; *(86,»)—,;7”"5?,” 577 (16)
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in which m,; are elements of a positive definite
and symmetric inertia mairix, £, are elements of
a positive definite and symmetric stiffness matrix.
and §;; denotes the Kronecker delta function.

These symmetry and definiteness properties imply
that Eq. (15) admits normal mode behavior
{(Mewovitch, 1971). An associated set of »; real
modes of vibration are then governed by the
eigenvalue problem

() 5= T (i k=12, o m) (18)

in which ¢ (j=1, 2, ---, m) denotes the %~th
natural mode of vibration, and ¢'® denotes the
assoctated k-th natural frequency of oscillation.
The natural modes of vibration are mutually
orthogonal and satisfy the orthonormality condi-
tions

”n "
Vg =0 228 mud”
i=lj=

={20'") G s, -~ m). (19)

(r,s=1,2, -
5. Numerical Examples

5.1 Fixed charge electroscope
The position vectors in Eq. (1) are given by
{see Fig. 2)
Fi=—doi. 7o=0. 73=d{(cos@ 7 +sing;j),
Fy=d (Cosfhi —sing, ) (20)
Neglecting gravitational effects by letting g=0,
we obtain from Eq. (6} the equations of motion
governing the fixed charge electroscope as fol-
lows:

0= )]‘136[2 9‘1 +

Xhqs dodds
[(do+dC1)2+(d81)2]% o

Fig. 2 Fixed charge electroscope.
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where ¢;=C0s6,. ¢2=C0sh. 5;=sinf, and s,=sin
&h. Let us now nondimensionalize the system by
introducing the independent parameters po=dh/
d. pr=ms/me pr=q/ g =g’ g pi=qs/ i
and pe=d%m xgt, where x=9x10°(N « m"/
Coulomb?y.

Introducing the independent parameters into
the equations of motion, Egs. (21) and (22).
vields

p‘“‘é:‘ T3
[+2pc+1]7
e B3P (st o) (23)

R2-2a0+2ss;?

O=pips 9.17"

0=p5 0+ bub ?
[+2poct l]% *

p3p4 ( NI
N 251+ $201) (24)
’L2~ZC;Cg+2$,sﬂg ] l
By letting §,= #,=0in Egs. (23) and (24), the
static equilibrium position of the fixed charge
electroscope satisfies

0 =es bo* st _ b (CZOSF'{‘S:?CF) - (25)
(5+2pect+ 0¥ (I=20Pcf+ 250837 7
Do 88 D3+ (edsf+s8cD) (26)

=iy 5 — .
R+ 2poctF 177 R=2clet 150

Figure 3 shows the equilibrium angles of the
fixed charge electroscope in terms of the indepen-
dent dimensionless parameters, g3/q, and do/d.
varied from 0.2 to 2.0 for pi=pe=p=d =gs=m,
=1.

The linearized differential equations governing
the motion of the fixed charge electroscope are
given by Eq. (15), in which

= Dupse M= man =0, me=7ps (27)
and
b= popscel i 2pocs + 1] + 38 past
3
[R+2pci+1]7
_ (c1ez= 51590 2—2cica+2815)
— paps X 3

[2 "2C1C2+2SISZ]‘{Z

1.574

1,623

Angle 2

Fig. 3 Stwatic equilibrium positions of the fixed
charge electroscope.

_M} (28)
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where ¢,=C086,. =C0osh, 5 =sing, and s;=sin
G

The natural modes of vibration and the as-
sociated natural frequencies of oscillation are
shown in Figs. 4 and 5. The two natural modes of
vibration. denoted by ¢,=(g{", #{") and ¢=
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Fig. 4 Natural frequencies of the fixed charge q;lm

electroscope.
Mode 2($#)

Fig. 5 Associated natural modes of the fixed charge

(i, $42), are normalized such that $§D = @{¥ ==
electroscope.

5.2 Electrostatic String . Mo
The position vectors in Eq. (1) are given by
(see Fig. 6)
F1=0 'f, o=l 7?; Fa= vy, T d{(COSH, ;
+8inGe-27 )}, (=3, 4, -, 10) (3H
where 4 is the constant length of a rigidly pinned
connection.

The equilibrium position of the electrostatic
string is #%= f4f=_, .= 4P=0. Linearization of the
differential equations of motion leads to the
natural modes of vibration and the associated
natural frequencies of oscillation as shown in Fig.
7. The results are for g;=1 (j=1,2, .. 10), d= Fig. 6 Electrostatic string.
I, and m=1. !
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Lowest 3 natural modes and frequencies of
the electrostatic string.

6. Conclusions

The fundamental properties of planar
electrodynamic systems, whose dynamic charac-
teristics are predominantly derived from external
free electron forces, are investigated analytically.
The demonstrated ability to predict the behavior
of simple electrodynamic systemns has important
implications. The dominance of the linearity is
attractive under proper conditions. It implies that
and design strategies of
electrodynamic systems can be readily carried out
on the basis of linear theories for electrodynamic

the analysis

systems having more complex geometries. But it is
suggested that a verification is required by appro-
priate experimental work.
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